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Abstract 
Resonant cavities are one of the basic building blocks in various disciplines of science and 
technology, with numerous applications ranging from abstract theoretical modeling to everyday 
life devices. The eigenfrequencies of conventional cavities are a function of its geometry, and, 
thus, the size and shape of a resonant cavity is selected in order to operate at a specific frequency. 
Here, we demonstrate theoretically the existence of geometry-invariant resonant cavities, i.e., 
resonators whose eigenfrequency is invariant with respect to geometrical deformations. This effect 
is obtained by exploiting the unusual properties of zero-index metamaterials, which enable 
decoupling of the time and spatial field variations. This new class of resonators may inspire 
alternative design concepts, and it might lead to the first generation of deformable resonant 
devices. 
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Main Text:  
 
The dynamics of many physical systems are usually described in terms of wave equations 
subjected to certain boundary conditions. This is the case, for example, in classical and quantum 
mechanics, electromagnetics, acoustics, fluid dynamics, etc. Specifically, when considering 
source-free time-harmonic exp (−𝑖𝜔𝑡) fields, one finds that the solutions to these equations, 
subject to specific boundary conditions, often take place at specific discrete 𝜔-frequency values, 
usually labeled as eigenfrequencies, or resonant frequencies (1). In general, wave equations 
interrelate both spatial and time variations of the fields (e.g., consider the vector wave equation of 
the electric field in classical electromagnetics: ∇ × ∇ ×  𝑬 + 𝑐−2𝜕𝑡
2𝑬 = 𝟎 (2)). Consequently, 
eigenfrequencies are determined by the geometry at hand.  
  
This fundamental principle shapes the way we address various phenomena and develop 
technology. In fact, researchers, engineers and designers across a myriad of fields stretch their 
minds to find the appropriate geometry to operate at a specific frequency. Furthermore, fabrication 
imperfections degrade the performance of the devices, as well as hinder the application of thrilling 
physical concepts that may unfortunately require too stringent fabrication tolerances. Therefore, 
we could wonder if, as it is symbolically sketched in Fig. 1, it could be possible to find scenarios 
in which the eigenfrequencies of a resonant cavity are invariant with respect to geometrical 
transformations. If so, this would represent a complete change in the mindset behind design 
processes, and it might open up the possibility of developing resonant devices that continue 
working even under severe geometrical deformations with interesting applications, for example, 
in tailoring light-matter interaction and quantum emission in such deformable structures.  
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Naturally, the idea of a geometry-invariant resonator challenges our intuition on how waves 
usually behave. However, the fields of topological insulators (3, 4) and topological photonics (5–
10) have revealed that certain physical quantities are preserved under continuous deformations. 
Moreover, during the past several years metamaterials have demonstrated that waves can be 
manipulated in unconventional manners (11–20). For instance, metamaterials featuring extreme 
parameters, such as epsilon-and-mu-near-zero (EMNZ) and zero refractive index structures, have 
been found to support fields with static spatial distributions, while maintaining their temporarily 
dynamic properties (21–26). This apparent decoupling between spatial and temporal domains 
encouraged us to believe that, indeed, resonators whose eigenfrequencies are invariant under 
geometrical transformations could be possible. Here, we analytically and numerically demonstrate 
that this is in fact the case, and that there are at least three distinct physical mechanisms in which 
zero index metamaterials enable the development of geometry-invariant resonant cavities.  
 
In the following, we will concentrate on the classical source-free time-harmonic wave equation for 
the electric field 𝑬 in nonmagnetic media: ∇ × ∇ ×  𝑬 − 𝜀 (𝜔/𝑐)2𝑬 = 𝟎 (2), with 𝑐 being the 
speed of light in vacuum, and 𝜀 the permittivity of the medium at hand. However, this must be 
considered only as a specific example of a more general concept that, as many other metamaterial 
paradigms, can be extrapolated to other forms of waves, such as acoustic, elastic, mechanical, and 
matter waves. Moreover, electromagnetic systems also represent an excellent test bench for future 
experimental verifications of the concepts introduced in this work. In fact, different experimental 
realizations of zero index electromagnetic metamaterials have already been reported in the form 
of naturally available materials (27, 28), dispersion engineering in waveguides (29, 30), photonic 
crystals (25) and artificial electromagnetic materials (31, 32).  
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To begin with, one of the most striking properties of zero index metamaterials is their ability to 
“freeze” in space the phase and exceptionally also the magnitude variations of the fields (21–24). 
For instance, in epsilon-near-zero (ENZ) media – i.e., media whose relative permittivity is 
approximately zero, 𝜀 ≈ 0 - the magnetic field parallel with the axis of a two-dimensional (2D) 
system must be uniform in order to avoid a singularity of the electric field 𝑬 = 𝑖/(𝜔𝜀)∇𝐻𝑧 × ?̂? 
(22–24). One could anticipate that the influence of geometry is lessened in the presence of spatially 
uniform fields, since effectively the apparent wavelength in such media is very large. This intuition 
is indeed correct, and we show that uniform field distributions can be associated with 2D cavities 
whose eigenfrequency is invariant with respect to equi-areal transformations. To this end, let us 
consider, for example, a 2D cavity composed of an infinitely long dielectric circular cylinder of 
relative permittivity 𝜀𝑖 and radius 𝑟𝑖 immersed in an ENZ host of arbitrary cross-sectional shape 
but area 𝐴ℎ (see Fig. 2A), bounded by perfectly electric conducting (PEC) wall. As demonstrated 
in the supplementary online text, section 2.1, the eigenfrequencies obtained as solutions to the 
source-free electric field time-harmonic wave equation subject to the boundary condition ?̂? ×  𝑬 =
𝟎 on the PEC wall are determined by the solutions to the following characteristic equation: 𝜔 =
𝑐 2𝜋𝑟𝑖 /(𝐴ℎ√𝜀𝑖) 𝐽0′ (√𝜀𝑖  
𝜔
𝑐
 𝑟𝑖) /𝐽0 (√𝜀𝑖  
𝜔
𝑐
 𝑟𝑖), where 𝐽0(𝑥) is the cylindrical Bessel function of 
the first kind and order zero, and 𝐽0′(𝑥) = 𝜕𝑥 𝐽0(𝑥). This equation reveals that the eigenfrequencies 
of the eigenmode with uniform magnetic field in the ENZ host medium only depend on the 
characteristics of the internal particle (𝜀𝑖, 𝑟𝑖), and the area of the ENZ host 𝐴ℎ. Therefore, the 
eigenfrequency is independent of the shape of this 2D cavity, as long as its cross-sectional area 
remains the same. As if it were an incompressible fluid, the cavity can be exposed to any equi-
areal geometrical deformation while keeping the same eigenfrequency. Note that the set of allowed 
geometrical deformations also includes piercing - making holes - on the cavity. Therefore, the 
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eigenfrenquency is immune even to evident changes in the topology of the cavity. A few examples 
of 2D cavities whose eigenfrequencies are the same and invariant with respect to equi-areal 
transformations are reported in Fig. 2B.  These specific examples have been selected in order to 
illustrate the high degree of arbitrariness in the geometry of the cavities, including non-canonical 
shapes (Fig. 2B-I), different topologies (Fig. 2B-II), sharp corners (Fig. 2B-III), and high aspect 
ratios (Fig. 2B-IV). A more detailed description of the geometry of these cavities is gathered in 
Figs. S1-S4. Anticipating future experimental verifications of the presented results, the ENZ host 
has been modeled using silicon carbide (SiC) (27), whereas the internal dielectric cylinder is 
assumed to be silicon (Si), with relative permittivity 𝜀𝑖 = 11.7 (33). In this manner, our analysis 
includes the effect of the relatively high losses of SiC with relative value of the imaginary part of 
its permittivity to be 0.1 (𝜀′′ ≈ 0.1) in the vicinity of the SiC plasma frequency, 𝜔𝑝 = 2𝜋 ×
29.08 × 1012  rad/s, where the real part of the relative permittivity is near zero (𝜀′ ≈ 0) (27).  The 
radius of the cylinder (𝑟𝑖=1.165 µm) and the area of the host (𝐴ℎ = 49𝜋 µm
2) have been selected 
such that the characteristic equation is satisfied at the SiC plasma frequency. The eigenfrequencies 
of these 2D resonators were computed numerically and are depicted in Fig. 2C. It is apparent from 
the figure that, despite their very distinct geometry, and despite the fact that realistic losses have 
been taken into account, the eigenfrequencies of these resonators deviate less than a 1.5% from the 
plasma frequency of SiC. Moreover, these small disagreements are only caused by the losses of 
SiC, which slightly deviate the response of the host from that of a pure ENZ medium. As a matter 
of fact, the eigenfrequencies converge even more closely to the SiC plasma frequency as losses 
decrease (see Fig. S5).       
 
It is worth remarking that not all properties of the resonator are invariant with respect to 
geometrical deformations. For example, the quality factor Q – i.e., the ratio between the energies  
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stored and dissipated per cycle– strongly depends on the field intensity distributions in the 
resonator (2). Subsequently, as it is illustrated in Fig. 2C, deforming the cavities results in changes 
in the quality factor in excess of a 10%, while their resonance frequency stays effectively 
unchanged. In this manner, our calculations suggest the possibility of designing resonators with 
tunable quality factors, and, hence, adjustable decay rates, while keeping a constant resonant 
frequency. Moreover, Figs. 2C and S5 also serve to illustrate a unique property of the proposed 
geometry-invariant resonators that, to the best of our knowledge, has no counterpart in 
conventional resonators. Specifically, in a conventional resonator, the quality factor increases as 
losses decrease, and the eigenfrequency becomes more sensible against geometrical deformations. 
On the contrary, in our proposed geometry-invariant resonators, the smaller the losses the larger 
the quality factor, but also the more robust the eigenfrequency is against geometrical deformations 
(see Fig. S5). In this manner, the proposed idea enables the development of high Q resonators 
whose eigenfrequencies are immune to geometrical deformations.  
 
Even a more general invariance with respect to geometrical deformations may be found by noting 
that, as demonstrated in the supplementary online text, section 2.2, ENZ media may also support 
another modes as exp(−𝑖𝜔𝑡) time-varying spatially “electrostatic” fields, which are different from 
what we discussed above. In other words, as the medium relative permittivity goes to zero, the 
Maxwell curl equation ∇ × 𝑯 = −𝑖𝜔𝜀0𝜀𝑬 may also support solutions with zero magnetic field 
𝑯 = 𝟎, but a non-zero and time-varying electric field, 𝑖𝜔𝑬 ≠ 𝟎. Naturally, the other Maxwell curl 
equation imposes that the associated electric field is irrotational ∇ × 𝑬 = 𝑖𝜔𝜇0𝑯 = 𝟎, since for 
this mode H is zero in the ENZ region. Thus, interestingly, ENZ media may support solutions to 
the wave equation in the form of spatially “electrostatic” distributions that are dynamically varying 
in time. Specifically, these spatially electrostatic field distributions are the solutions to Laplace 
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equation in the ENZ host, subject to the appropriate boundary conditions. We emphasize that when 
the solution to the Laplace equation exists, the eigenfrequency plays no role in it as long as the 
ENZ host is still ENZ at that frequency.  Therefore, if the boundary conditions on the ENZ host 
enable the existence of spatially electrostatic modes, then such a cavity has an eigenfrequency at 
the ENZ frequency, no matter what its geometry is. As shown in the supplementary online text, 
sections 2.3 and 2.4, the invariance of the eigenfrequency in the presence of time-harmonic 
spatially electrostatic fields can also be proven by using perturbational techniques. These modes 
can be excited in both 2D and 3D systems.  
 
In order to illustrate this phenomenon with a specific example, let us consider a three-dimensional 
scenario in which a resonator is composed by a dielectric particle immersed in an ENZ host. In this 
case, since we want the magnetic field to be zero in the ENZ host medium, the boundary conditions 
impose that the tangential magnetic field on the surface of the dielectric particle must also vanish. 
Specifically, if the internal particle is a sphere, then this boundary condition is met at the solutions 
of the following characteristic equation: 𝐽𝑛 (√𝜀𝑖  
𝜔
𝑐
 𝑟𝑖) = 0 for 𝑛 = 1,2, … (see also supplementary 
online text, section 2.3).That is to say, the eigenfrequencies of the resonator correspond to the zeros 
of the functions 𝐽𝑛(𝑥), representing the Schelkunoff form of the spherical Bessel functions of the 
first kind and order 𝑛 (2). Note that in this case there is not only one, but an infinite number of 
possible eigenmodes n=1,2,3… with geometry invariant properties. Moreover, due to the spherical 
symmetry of the internal particle, there are 2n+1 degenerate modes for each n-th eigenmode. We 
emphasize that the solutions to this characteristic equation only depend on the properties on the 
internal particle (𝜀𝑖, 𝑟𝑖), and are independent of the geometry of the main cavity. Therefore, the 
cavity can be of any size and shape, and it can also contain any number of holes in it. What is more, 
it can even be polluted with other particles with different dielectric materials, sharing the same ENZ 
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host medium. In all these cases, the cavity will support an eigenmode at the ENZ frequency. This 
fact is illustrated in Fig. 3A, which shows four cavities with very distinct geometries, but that 
nevertheless share eigenmodes at the same eigenfrequency. Again, these specific cavities have been 
chosen to illustrate the high degree of arbitrariness in the geometry of the cavities (shape, topology, 
and in this case also size). A more detailed description of their geometry can be found in Figs. S6-
S9.  All cavities are composed of a SiC host containing a Si particle. In this case, a spherical particle 
of radius 𝑟𝑖 = 2.155 µm has been selected to satisfy the characteristic equation, with 𝑛 = 1, at the 
SiC plasma frequency. For the sake of brevity, Fig. 3A only depicts the electric field magnitude 
distribution of one of the three degenerate modes that can be excited in the vicinity of the SiC 
plasma frequency (each eigenmode corresponding to a different orientation of the electric dipole 
mode within the Si spherical particle). The electric and magnetic field magnitude distributions of 
all degenerate modes are depicted in Figs. S10-S13.The fact that the magnetic field vanishes in the 
ENZ host can also be more clearly appreciated in those figures. The resonance frequencies and 
quality factors of these modes have been numerically computed and are depicted in Fig. 3B.  Despite 
the use of realistic losses of SiC (𝜀′′ ≈ 0.1), the numerical computation of the resonance frequencies 
reveals that all degenerate modes in all four cavities deviate less than a 0.3% from the SiC plasma 
frequency. Furthermore, the fact that degenerate modes exhibit different quality factors allow us to 
envision the design of a new class of resonators, in which the fields excited by quantum emitters 
immersed within them exhibit a different decay rate as a function of their polarization, while 
maintaining the same resonance frequency.  
To finalize, there is at least a third set of modes present in ENZ media that are invariant under 
certain (but not completely arbitrary) geometrical transformations. These modes correspond to the 
cases where both electric and magnetic fields are neither constant nor zero in the ENZ region. Note 
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that, even if not constant, the magnetic field must always be irrotational 𝛁 × 𝑯 = −𝒊𝝎𝜺𝟎𝜺𝑬 ≈ 𝟎, 
and thus it features a quasi-static spatial distribution. However, in this case, the electric field cannot 
be curl free, 𝛁 × 𝑬 = 𝒊𝝎𝝁𝟎𝑯, and it indeed takes the form of a solenoidal field forming closed 
loops in the cavity. The geometry-invariant properties of this set of modes arise from the fact that 
the modes can concentrate the fields on the vicinity of the internal dielectric particle, resulting in 
a negligible field at the outer boundaries of the cavity, which naturally satisfies the ?̂? ×  𝑬 = 𝟎 
boundary condition. In essence, the ENZ properties of the medium ensure that the propagation 
constant vanishes, 𝒌 = 𝝎√𝝁𝟎𝜺 ≈ 𝟎, and, hence, the fields cannot propagate through the ENZ host 
towards the external surface of the cavity. Therefore, when the volume of the particle is much 
smaller than the volume of the cavity – i.e., (𝒓𝒊/𝒓𝒐𝒖𝒕)
𝟑 ≪ 𝟏, with 𝒓𝒐𝒖𝒕 being the external radius 
of a sphere circumscribing the cavity – the field on the surface of the cavity is negligible, and the 
eigenfrequency becomes approximately independent of the volume and shape of the resonator. 
Specifically, and as shown in the supplementary online text, section 2.3, the characteristic equation 
determining the eigenfrequencies of this set of modes can be asymptotically written as follows: 
?̂?𝒏 (√𝜺𝒊  
𝝎
𝒄
 𝒓𝒊) = − (√𝜺𝒊  
𝝎
𝒄
 𝒓𝒊) ?̂?𝒏
′ (√𝜺𝒊  
𝝎
𝒄
 𝒓𝒊) /𝒏.  Fig. 4 gathers a set of examples illustrating 
how, as the volume of the cavity increases, the eigenfrequencies converge towards the value 
prescribed by the characteristic equation. It also exemplifies that once the cavity is sufficiently 
large, the eigenfrequency becomes independent of the shape of the external surface of the cavity. 
The examples have been chosen in order to illustrate the impact of progressively increasing the 
size, and the geometry of the cavities is detailed in Figs. S14-S15. All cavities are composed of a 
SiC host containing a Si particle, and the properties of the internal particle (𝒓𝒊 = 𝟏. 𝟓𝟎𝟕 µm), have 
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been selected so that the eigenfrequency satisfying the characteristic equation for n = 1 equals the 
SiC plasma frequency. 
In summary, our theoretical study demonstrates that, in the context of ENZ and zero index 
metamaterials, there are multiple solutions to the wave equation whose eigenfrequency is invariant 
under geometrical transformations. It was demonstrated that these solutions enable the existence 
of geometry-invariant resonant cavities and, hence, they inspire new design philosophies in which 
the geometry of a device is not determined by, and locked to, its frequency of operation. In this 
manner, they could also give raise to the next generation of deformable resonant devices. Among 
other applications, the proposed resonators appear to be particularly well suited for cavity quantum 
electrodynamics. For instance, the proposed cavities can be locked with their resonances 
overlapping the atomic transitions of quantum emitters embedded within it, while different aspects 
of the emitter-cavity interaction can be dynamically tuned by means of deforming the cavity.   
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Fig. 1. Geometry-invariant resonant cavities. Conceptual sketch of resonant cavities that, 
despite their very distinct geometry (shape, size, topology…), support an eigenmode at the same 
resonance frequency. 
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Fig. 2. Two-dimensional (2D) cavities with eigenfrequencies invariant under equi-areal 
geometry deformation. (A) Sketch of a generic 2D cavity composed of an epsilon-near-zero 
(ENZ) host of cross-sectional area Ah containing an infinitely long circular cylinder of a dielectric 
(nonmagnetic) material of area 𝐴𝑖 = 𝜋𝑟𝑖
2, and relative permittivity 𝜀𝑖.  The entire cavity is bounded 
by a perfectly electric conducting (PEC) wall on which the tangential component of E field must 
vanish. (B): Colormaps of the electric field magnitude distributions of resonant eigenmodes, 
obtained using numerical simulation, in four cavities consisting of a Si (𝜀𝑖 = 11.7) cylinder of 
radius 𝑟𝑖=1.165 µm, immersed in a SiC host of different shapes but equal area 𝐴𝑖 + 𝐴ℎ =
49𝜋 µ𝑚2.  (C) Linear graph portraying the resonance frequency (normalized to the SiC plasma 
frequency) and the quality factor, Q, as a function of cavity number.  Here the imaginary part of 
relative permittivity of SiC is assumed to be 0.1 at the SiC plasma frequency.   In the supplementary 
materials, we show how these quantities vary with different level of loss (as represented by the 
different value of the imaginary part of permittivity of SiC). 
  
 16 
 
 
 
Fig. 3. Three-dimensional (3D) cavities supporting spatially electrostatic modes with the 
same resonance eigenfrequency. (A) Four 3D cavities with different geometries supporting the 
same resonance eigenfrequency.  Each cavity consists of a Si sphere (𝜀𝑖 = 11.7) (shown as a red 
sphere) of radius 𝑟𝑖 = 2.155 µm immersed in a SiC host (shown as grey background), bounded by 
a PEC wall. Cavity III also contains several additional cubic dielectric particles (shown in blue) 
with permittivity 𝜀𝑝 = 2, and side 𝑙𝑝 = 1 µm inserted in the ENZ host.  Next to each we show the 
colormaps of the electric field magnitude distributions obtained using numerical simulation of one 
of the three supported degenerate eigenmodes (The other eigenmodes can be found in Figs. S10-
S13). (B) Linear graph portraying the resonance frequency (normalized to the SiC plasma 
frequency) and quality factors for these four cavities, demonstrating that the resonance 
eigenfrequencies are the same, while the quality factors of these eigenmodes are different.  Here 
the imaginary part of relative permittivity of SiC is assumed to be 0.1 at the SiC plasma frequency.  
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Fig. 4. Three-dimensional (3D) cavities supporting surface avoiding modes. Top left panel: 
Sketches of two cavities consisting of a Si sphere (shown as a red sphere) with (𝜀𝑖 = 11.7) and 
radius 𝑟𝑖 = 1.507 µm immersed in a SiC host (shown as a grey background). Bottom panel:   
Colormaps of the electric field magnitude distributions of the surface-avoiding eigenmodes, 
obtained using numerical simulations, in six different cavities (five of which are obtained from the 
left cavity but with sizes of the ENZ host and the six is the second cavity, shown in the top left 
panel).  Top right panel:  linear graph portraying the resonance frequency (normalized to the SiC 
plasma frequency) and quality factor for six cavities, showing small variation in the resonance 
frequency, while having different quality factors.  Here the imaginary part of relative permittivity 
of SiC is assumed to be 0.1 at the SiC plasma frequency.  
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1 Materials and Methods
The commercially available full-wave electromagnetic simulator software COMSOL Multiphysics, version 5.0 [S1],
was used in order to generate all 2D and 3D numerical simulations presented in the figures of both the main text
and the supplementary material. Specifically, we carried out eigenfrequency analyses in which the software makes
use of Finite Element Method (FEM) to determine the eigenmodes and eigenfrequencies of the wave equation
∇×∇×E− (ω/c)2 εE = 0, subject to be Perfect Electric Conductor (PEC) boundary condition, i.e., the tangential
electric field vanishes on the external surface of the cavity, n̂ × E = 0. The solver was requested to search
for eigenfrequencies around the frequency where the real part of the permittivity is near zero (ε′ ' 0), and the
eigenmodes with the closest eigenfrequencies to such a frequency were selected. The silicon (Si) particles were
modeled with relative permittivity 11.7 [S2]. The ENZ host was modeled as silicon carbide (SiC) in accordance
to [S3]. Thus, the plasma frequency, at which the real part of the permittivity vanishes, ε′SiC ' 0, takes place at
ωp = 2pi × 29.08 1012 rad/s, with losses represented by ε′′SiC (ωp) ' 0.1.
The numerical solver provided the field distributions of the eigemodes and their associated eigenfrequencies.
These data were also employed to calculate the quality factor Q as the ratio of the energies stored and dissipated
per unit cycle:
Q =
Wstored
Wloss
(1)
where Wstored and Wloss where computed via integration of the electric and magnetic field intensities [S4], taking
into account the material dispersion of SiC [S3]
Wloss =
1
4
ˆ
V
ε′′ε0 |E|2 dV (2)
Wstored =
1
4
ˆ
V
{
∂ (ωε′)
∂ω
ε0 |E|2 + µ0 |H|2
}
dV (3)
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2 Supplementary Text
2.1 Eigenfrequencies invariant under equi-areal transformations
Here we demonstrate the existence of 2D cavities supporting an eigenmode whose eigenfrequency is invariant under
equi-areal transformations. These eigemodes are reported in Fig. 2 of the main text. To begin with, let us consider
a 2D cavity of area A = Ah + Ai, composed by the union of a dielectric cylinder of area Ai = pir
2
i and relative
permittivity εi, immersed in a ENZ host (εh ' 0) of area Ah (see Fig. 2A). Applying Faraday’s law on the surface
of the ENZ host we get
˛
∂Ah
E · dl =
˛
∂A
E · dl−
˛
∂Ai
E · dl = iωµ0
ˆ
Ah
H · n̂ dS (4)
The boundary condition n̂×E = 0 imposes that the circulation of the electric field on ∂A is zero. In addition,
the magnetic field within the ENZ host must be constant, H = ẑHhz , in order to ensure a finite electric field
E = i (ωε0εh)
−1∇×H = i (ωε0εh)−1∇Hhz × ẑ. Therefore, the eigenfrequency of the cavity can be found as follows:
ω =
i
µ0
¸
∂Ai
E · dl
HhzAh
(5)
In order to compute the line integral of the electric field on the surface of the cylinder it is convenient to write
the magnetic field in the cylinder as a series of cylindrical harmonics
Hiz =
∞∑
n=−∞
iω Cn Jn (kiρ) e
jnφ (6)
where the Cn elements are complex constants determining the magnitude of the magnetic field and ki = k0
√
εi is
the propagation constant within the cylinder. Jn (x) is the Bessel function of the first kind and order n. Recall
that the magnetic field in the ENZ region is constant. Therefore, in order to satisfy the continuity of the magnetic
field in the surface of the cylinder only the n = 0 mode, with no azimuthal variation, can be excited. Exceptions
occur when the magnetic field in the ENZ host is zero, cases which are considered in the next section. Thus, by
imposing the continuity of the tangential fields for a non-zero magnetic field the line integral of the electric field on
the surface of the cylinder can be written as follows:
˛
∂Ai
E · dl = −iHhz ηi (2piri)
J ′0 (kiri)
J0 (kiri)
(7)
where ηi = η0/
√
εi is the medium intrinsic impedance within the cylinder. Consequently, the eigenfrequency of the
cavity is given by the solution to the following characteristic equation:
ω =
c
Ah
2piri√
εi
J ′0 (kiri)
J0 (kiri)
(8)
It is apparent from (8) that the eigenfrequency of the cavity is completely determined by the properties of the
cylinder and the area of the ENZ host. Therefore, the eigenfrequency is independent of the shape of the external
surface of the main cavity as long as the area of the cavity is kept constant. This includes changes in the topology
of the cavity such as including holes. The only requirement is that the overall area of the ENZ host is not altered.
2
2.2 Spatially “electrostatic” modes:
Here we demonstrate that epsilon-near-zero ENZ media support exp(−iωt) time-varying spatially electrostatic
modes (i.e., H = 0→ ∇×E = 0). These eigemodes are studied in Fig. 3 of the main text. To begin with, we can
inspect time-harmonic Maxwell curl equations in a host medium of permittivity εh:
∇×H = −iωε0εhE (9)
∇×E = iωµ0H (10)
It is clear from (9) that, when εh = 0, the medium can support non-zero time-varying electric fields even when
the magnetic field is zero H = 0. Naturally, it lies from (10) that the electric field must be irrotational ∇×E = 0.
The existence of exp(−iωt) time-varying spatially electrostatic modes can also be derived as a limiting case of the
usual solution of time-harmonic Maxwell curl equations. Without loss of generality, the electric and magnetic fields
can be written as the sum of transversal magnetic (TM) and transversal electric (TE) fields, i.e., E = ETM +ETE
and H = HTM + HTE . In addition, each term can be written by using a multipolar decomposition in terms of
Tesseral harmonics: [S5]
ETM = −i
∑
{q}
{
n (n+ 1)
ATMnmlĴn (kr) +B
TM
nmlŶn (kr)
(kr)
2 Tnml (r̂) +
ATMnmlĴ
′
n (kr) +B
TM
nmlŶ
′
n (kr)
kr
ψnml (r̂)
}
(11)
HTM =
1
η
∑
{q}
ATMnmlĴn (kr) +B
TM
nmlŶn (kr)
kr
ϕnml (r̂) (12)
ETE =
∑
{q}
ATEnmlĴn (kr) +B
TE
nmlŶn (kr)
kr
ϕnml (r̂) (13)
HTE =
i
η
∑
{q}
{
n (n+ 1)
ATEnmlĴn (kr) +B
TE
nmlŶn (kr)
(kr)
2 Tnml (r̂) +
ATEnmlĴ
′
n (kr) +B
TE
nmlŶ
′
n (kr)
kr
ϕnml (r̂)
}
(14)
where {q} = {n,m, l} is a multi-index defined so that the sum runs over all spherical multipoles:
∑
{q}
=
∞∑
n=1
n∑
m=0
∑
l=e,o
(15)
In such a decomposition, the radial dependency of the field is described via the Schelkunoff form of the spherical
Bessel functions, Ĵn (kr) and Ŷn (kr), where, for example, Ĵn (x) =
√
pix/2 Jn+1/2 (x) with Jn (x) being the Bessel
function of the first kind and order n [S5]. On the other hand, the angular dependency is described by Tesseral
harmonics Tnml (r̂) and linear combinations of its derivatives, ψnml (r̂) and ϕnml (r̂), given by:
Tnm(eo)
(r̂) = r̂Pmn (cosθ)
(
cosmφ
sinmφ
)
(16)
ψnml (r̂) = θ̂ ∂θTnml (r̂) + φ̂
∂φTnml (r̂)
sinθ
(17)
ϕnml (r̂) = ψnml (r̂)× r̂ (18)
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When the host medium is ENZ (ε→ 0, so η →∞ and k → 0), the TM fields (19)-(20) reduce to
ETM = −i
∑
{q}
{
n (n+ 1)
[
1
(2n+ 1)!!
(
kn−1ATMnml
)
rn−1 − (2n− 1)!!
(
BTMnml
kn+2
)
1
rn+2
]
Tnml (r̂)
+
[
n+ 1
(2n+ 1)!!
(
kn−1ATMnml
)
rn−1 + n (2n− 1)!!
(
BTMnml
kn+2
)
1
rn+2
]
ψnml (r̂)
}
(19)
HTM =
1
ωµ0
∑
{q}
[
1
(2n+ 1)!!
(
kn+1ATMnml
)
rn − (2n− 1)!!
(
BTMnml
kn
)
1
rn−1
]
ϕnml (r̂) (20)
It is apparent from (19) that in order to ETM to be finite but non-zero it is required ATMnml  k−n+1 and
BTMnml  kn+2. However, it is also clear from (12) that this implies a zero magnetic field HTM = 0. In this manner,
the multipolar decomposition ratifies the existence spatially electrostatic fields in ENZ media. In addition, this
decomposition gives some hints on how to excite these fields. In general, sources of TM multipoles and their linear
combinations generate time-varying spatially electrostatic fields in ENZ.
On the other hand, the TE fields (21)-(22) in ENZ media can be written as follows:
ETE =
∑
{q}
[
1
(2n+ 1)!!
(
knATEnml
)
rn − (2n− 1)!!
(
BTEnml
kn+1
)
1
rn+1
]
ϕnml (r̂) (21)
HTE =
i
ωµ0
∑
{q}
{
n (n+ 1)
[
1
(2n+ 1)!!
(
knATEnml
)
rn−1 − (2n− 1)!!
(
BTEnml
kn+1
)
1
rn+2
]
Tnml (r̂)
[
n+ 1
(2n+ 1)!!
(
knATEnml
)
rn−1 + n (2n− 1)!!
(
BTEnml
kn+1
)
1
rn+2
]
ψnml (r̂)
}
(22)
In this case, in order to obtain a finite but non-zero elecric field ETE requires ATEnml  k−n and BTMnml  kn+1.
However, by contrast with the TM modes, this does not implies a zero mangetic field HTE .
4
2.3 Spherical cavities
Specific examples help to understand the behavior of some of the modes present in cavities of arbitrary geometry.
To this end, let us consider a cavity consisting of two concentric spheres, with internal and external radii of a
and b, respectively, and with internal and external permittivities of ε1 and ε2, respectively (see Fig. S16). Due
to its spherical symmetry, the modes excited in the cavity correspond to the spherical harmonics (11)-(14). The
characteristic equations that determine the eigenfrequencies of each spherical harmonic can be found by imposing
the boundary condition n̂ × E = 0 on the surface of the cavity, and enforcing the continuity of the fields on the
surface between the two concentric spheres. This exercise leads to the following characteristic equations:
Ŷ ′n(k2b)Ĵ ′n(k2a)− Ĵ ′n(k2b)Ŷ ′n(k2a)
Ŷ ′n(k2b)Ĵn(k2a)− Ĵ ′n(k2b)Ŷ n(k2a)
=
η1
η2
Ĵ ′n(k1a)
Ĵn(k1a)
, for TM modes (23)
Ŷ n(k2b)Ĵn(k2a)− Ĵn(k2b)Ŷ n(k2a)
Ŷ n(k2b)Ĵ ′n(k2a)− Ĵn(k2b)Ŷ ′n(k2a)
=
η1
η2
Ĵn(k1a)
Ĵ ′n(k1a)
, for TE modes (24)
where η1, k1 and η2, k2 are the medium impedance and propagation constant of the internal and external regions,
respectively. When the outer layer of the cavity is filled with a ENZ material (ε2 → 0), the characteristic equations
can be asymptotically written as follows
(
a
b
)2n+1 − 1
1
n+1
(
a
b
)2n+1
+ 1n
=
ε2
ε1
(k1a)
Ĵ ′n(k1a)
Ĵn(k1a)
, for TM modes (25)
(
a
b
)2n+1 − 1
(n+ 1)
(
a
b
)2n+1
+ n
=
1
k1a
Ĵn(k1a)
Ĵ ′n(k1a)
, for TE modes (26)
Note that the r.h.s. of (25) goes to zero since ε2 → 0, and hence, there is no solution for the TM modes except
at Ĵn(k1a) = 0. This condition corresponds to a zero tangential magnetic field, which enables the existence of
spatially electrostatic fields characterizing TM modes in the ENZ region, while at the same time satisfying the
boundary conditions on the surface of the cavity.
Interestingly, when the volume of the internal sphere is much smaller than the volume of the whole cavity,
(a/b)
2n+1  1, the characteristic equations (25)-(26) can be approximated as follows
−n = ε2
ε1
(k1a)
Ĵ ′n(k1a)
Ĵn(k1a)
, for TM modes (27)
− 1
n
=
1
k1a
Ĵn(k1a)
Ĵ ′n(k1a)
, for TE modes (28)
Note that in this limit the characteristic equation becomes independent of the external surface even for the TE
modes.
5
2.4 Perturbational Techniques
Here we use perturbational techniques (see, e.g., [S5]) to ratify further that the eigenfrequencies of spatially electro-
static eigenmodes are preserved under geometrical transformations. To this end, let us consider a cavity of volume
V enclosed within a surface S subject to the boundary condition n̂ × E = 0 (see Fig. S17). We assume that this
cavity supports an eigenmode with fields E0,H0 at the eigenfrequecy ω0. The cavity could be, for example, the
spherical cavity described in the previous section. Next, we generate a second cavity by modifying the original
cavity, leading to a volume V ′ = V −4V and S′ = S −4S. In general, this new cavity will support a different
eigenmode with fields E,H at an also different eigenfrequency ω. Note that the fields of the eigenmode in the first
cavity satisfy time-harmonic curl Maxwell equations at frequency ω0:
∇×E0 = iω0µ0H0 (29)
∇×H0 = −iω0ε0εE0 (30)
On the other hand, the fields of the eigenmode in the second cavity satisfy time-harmonic curl Maxwell equations
at frequency ω:
∇×E = iωµ0H (31)
∇×H = −iωε0εE (32)
In this manner, we can then write:
∇ · (H×E∗0) = H · ∇ ×E∗0 −E∗0 · ∇ ×H = −iω0µ0H ·H∗0 + iωε0εE∗0 ·E (33)
∇ · (H∗0 ×E) = H∗0 · ∇ ×E−E · ∇ ×H∗0 = iωµ0H∗0 ·H− iω0ε0εE ·E∗0 (34)
Next, integrating over V ′, and applying the divergence theorem we get
˛
S′
(H×E∗0 +H∗0 ×E) · n̂dS′ = i (ω − ω0)
ˆ
V ′
(µ0H
∗
0 ·H+ ε0εE∗0 ·E) dV ′ (35)
However, since n̂×E = 0 on S′ we have
˛
S′
(H×E∗0 +H∗0 ×E) · n̂dS′ =
˛
S′
(H×E∗0) · n̂dS′ (36)
Moreover, since n̂×E0 = 0 on S and S′ = S −∆S we get
˛
S′
(H×E∗0) · n̂dS′ = −
˛
4S
(H×E∗0) · n̂dS′ (37)
Therefore, the shift in the resonance frequency is given by
ω − ω0 =
i
¸
4S (H×E∗0) · n̂dS′´
V ′ (µ0H
∗
0 ·H+ ε0εE∗0 ·E) dV ′
(38)
We emphasize that (38) is not an approximation. It is a exact expression of the frequency shift due to the
deformation. At the same time, (38) can only be evaluated with a complete knowledge of the eigenmode fields
E0, H0, E, H. In general, one applies asumptions on the form of those fields to estimate the frequency shift. For
example, a common approximation is to replace the perturbed eigenmode fields E, H by the unperturbed eigenmode
fields E0, H0, which is a reasonable estimate for small deformations [S5]. In our case, if the deformation takes place
within the ENZ host, there is no change in the electrostatic nature on the fields, so that H = 0 in 4S. Thus, it
lies from (38) that when H = 0 in 4S and there is no change in the resonance frequency.
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3 Supplementary Figures: 
 
 
Fig. S1. Sketch (top) and dimensions (bottom) of the cavity studied in Fig. 2B-I of the main text. 
The cavity consists of a Si cylinder (𝜀𝑖 = 11.7, shown in green) of radius 𝑟𝑖 = 1.165 µm 
immersed in a SiC host (shown as grey background). The location of the sphere in the main 
cavity is indicated by a black dot. The blue curves correspond to the second order 
polynomials 𝑓(𝑢) = 𝑐0 + 𝑐1𝑢 + 𝑐2𝑢
2 that fit to the specified dimensions. The resulting area 
is 𝜋72 𝜇m. 
 Fig. S2. Sketch (left) and dimensions (right) of the cavity studied in Fig. 2B-II of the main 
text. The cavity consists of a Si cylinder (𝜀𝑖 = 11.7) (shown in green) of radius 𝑟𝑖 = 1.165 
µm immersed in a SiC host (shown as grey background). The location of the sphere in the 
main cavity is indicated by a black dot.  The area contained between the two blue circles 
conforming the main cavity also equals  𝜋72 𝜇m. 
 
Fig. S3. Sketch (left) and dimensions (right) of the cavity studied in Fig. 2B-III of the main text. 
The cavity consists of a Si cylinder (𝜀𝑖 = 11.7) (shown in green) of radius 𝑟𝑖 = 1.165 µm 
immersed in a SiC host (shown as grey background). The location of the sphere in the main 
cavity is indicated by a black dot. The area of the main cavity also equals 𝜋72 𝜇m. 
  
Fig. S4. Sketch (top) and dimensions (bottom) of the cavity studied in Fig. 2B-IV of the main 
text. The cavity consists of a Si cylinder (𝜀𝑖 = 11.7) (shown in green) of radius 𝑟𝑖 = 1.165 
µm immersed in a SiC host (shown as grey background). The location of the sphere in the 
main cavity is indicated by a black dot. The blue curves correspond to the second order 
polynomials 𝑓(𝑢) = 𝑐0 + 𝑐1𝑢 + 𝑐2𝑢
2 that fit to the specified dimensions. The resulting area 
is also 𝜋72 𝜇m.  
 Fig. S5. Simulation results for (a) resonance frequency, normalized to the SiC plasma 
frequency, and (b) quality factor of the cavities represented in Fig. 2C of the main text for 
different amounts of loss at the SiC plasma frequency.   
 
 
Fig. S6.  Sketch (left) and dimensions (right) of the cavity studied in Fig. 3A-I of the main text. 
The cavity consists of a Si sphere (𝜀𝑖 = 11.7) (shown in red) of radius 𝑟𝑖 = 2.155 µm 
immersed in a SiC host (shown as grey background). The location of the sphere in the main 
cavity is indicated by a black dot.    
  
Fig. S7.  Sketch (left) and dimensions (right) of the cavity studied in Fig. 3A-II of the main text. The 
cavity consists of a Si sphere (𝜀𝑖 = 11.7) (shown in red) of radius 𝑟𝑖 = 2.155 µm immersed 
in a SiC host (shown as grey background). The location of the sphere in the main cavity is 
indicated by a black dot.   
 
 
Fig. S8. Sketch (left) and dimensions (right) of the cavity studied in Fig. 3A-III of the main text. The 
cavity consists of a Si sphere (𝜀𝑖 = 11.7) (shown in red) of radius 𝑟𝑖 = 2.155 µm immersed 
in a SiC host (shown as grey background). The cavity also contains several additional cubic 
dielectric particles (shown in blue) with permittivity 𝜀𝑝 = 2. The location of the sphere in 
the main cavity is indicated by a black dot.   
 
 Fig. S9.  Sketch (left) and dimensions (right) of the cavity studied in Fig. 3A-IV of the main text. The 
cavity consists of a Si sphere (𝜀𝑖 = 11.7) (shown in red) of radius 𝑟𝑖 = 2.155 µm immersed 
in a SiC host (shown as grey background). The location of the sphere in the main cavity is 
indicated by a black dot.   
  
 Fig. S10. Colormaps of the electric and magnetic field magnitude distributions of the 
degenerate modes excited in the cavity depicted in Fig. 3A-I of the main text. The 
eigenfrequencies and quality factors of these eigenmodes are shown in Fig. 3B, cavity I, of 
the main text.   
 
Fig. S11. Colormaps of the electric and magnetic field magnitude distributions of the 
degenerate modes excited in the cavity depicted in Fig. 3A-II of the main text. The 
eigenfrequencies and quality factors of these eigenmodes are shown in Fig. 3B, cavity II, of 
the main text.   
 Fig. S12. Colormaps of the electric and magnetic field magnitude distributions of the 
degenerate modes excited in the cavity depicted in Fig. 3A-III, of the main text. The 
eigenfrequencies and quality factors of these eigenmodes are shown in Fig. 3B, cavity III, 
of the main text. 
 
 
Fig. S13. Colormaps of the electric and magnetic field magnitude distributions of the 
degenerate modes excited in the cavity depicted in Fig. 3A-IV, of the main text. The 
eigenfrequencies and quality factors of these eigenmodes are shown in Fig. 3B, cavity IV, 
of the main text.   
 Fig. S14.  Sketch (left) and dimensions (right) of the cavity studied in Figs. 4I to 4V of the main text. 
The cavity consists of a Si sphere (𝜀𝑖 = 11.7) (shown in red) of radius 𝑟𝑖 = 1.507 µm 
immersed in a SiC spherical host (shown as grey background) of different radii: 4I - 𝑟out = 3 
µm, 4II - 𝑟out = 4 µm, III - 𝑟out = 5 µm, IV - 𝑟out = 7.5 µm and V - 𝑟out = 10 µm. The 
location of the sphere in the main cavity is indicated by a black dot.   
 
 
Fig. S15.  Sketch (left) and dimensions (right) of the cavity studied in Fig. 4-VI of the main text. The 
cavity consists of a Si sphere (𝜀𝑖 = 11.7) (shown as a red sphere) of radius 𝑟𝑖 = 1.507 µm 
immersed in a SiC host (shown as grey background). The location of the sphere in the main 
cavity is indicated by a black dot.   
 Fig. S16.  Sketch of a cavity consisting of two concentric spheres, with internal and external radii 
equal to a and b, respectively, and with internal and external permittivities equal to 𝜀1 and𝜀2, 
respectively.   
 
 
Fig. S17. (Left) Cavity characterized by volume 𝑉 and surface 𝑆, supporting and eigenmode with 
fields 𝑬0, 𝑯0 at the eigenfrequency 𝜔0. (Right) Perturbed cavity with volume 𝑉
′ = 𝑉 − ∆𝑉 and 
volume 𝑆′ = 𝑆 − ∆𝑆 supporting and eigenmode with fields 𝑬, 𝑯 at the eigenfrequency 𝜔. 
 
 
